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On idempotents of a class of commutative rings
Fernanda D. de Melo Herna´ndez ∗†
Ce´sar A. Herna´ndez Melo ‡ Horacio Tapia-Recillas §
Abstract
In the present work, a procedure for determining idempotents of a
commutative ring having a sequence of ideals with certain properties is
presented. As an application of this procedure, idempotent elements of
various commutative rings are determined. Several examples are included
illustrating the main results.
Keywords Idempotent element, nilpotent ideal, commutative ring, chain
ring, group ring.
1 Introduction
Idempotent elements of an algebra are a topic of considerable research with a
variety of applications including (theoretical) physics and chemistry ([6],[8],[19],
[14]), econometrics and various areas of mathematics, such as representation
theory involving the decompositions of modules [4]. Information theory is not
the exception, and idempotent elements are of great importance, particularly in
coding theory with error detecting-correcting linear codes the alphabet of which
is a finite (commutative) ring ([3],[5],[7],[10],[15],[17],[18]).
Determining the idempotent elements of an arbitrary ring is not an easy task
in general. In an attempt to give an answer to this problem, several works appear
in the literature. For example a set of primitive central idempotent elements
are determined for the group algebra CG by using the group of characters of
the finite group G ([16], Thm. 5.1.11, pag.185), this method can be interpreted
in terms of the Discrete Fourier Transform. In [18], from the point of view of
polynomial rings, the set of primitive central idempotent elements of Fq[x]/〈x
n−
1〉, where Fq is a finite field with q elements, are determined for certain q and
n in terms of cyclotomic classes. Considering a group algebra FqG with G an
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abelian p-group in [7], under certain conditions on p and q, the set of primitive
central idempotent elements is determined via the lattice of subgroups of the
group G, extending the results of [18]. In [10] (see also [15]) the idempotents of
the algebra Zpk [x]/〈x
n − 1〉 are obtained by means of the irreducible factors of
xn − 1 and the knowledge of idempotent elements in Zp[x]/〈x
n − 1〉, where Zpk
is the ring of integers modulo pk with p a prime and k ≥ 1 an integer.
Another way to determine idempotent elements in a ring R is by “lifting”
idempotents elements. In [9, Proposition 7.14, pag.405] idempotent elements of
a ring R are obtained by “lifting” idempotent elements from the quotient ring
R/N , where N is a nil ideal of R. In this manuscript, starting from this result,
under certain general conditions, a procedure to determine the idempotent el-
ements of a commutative ring as “lifted” idempotent elements of another ring
is given (Theorem 3.3). This result has several consequences, for instance the
set of idempotent elements are determined in cases which include commutative
rings containing a nilpotent ideal; commutative group rings RG, where the ring
R contains a nilpotent ideal; commutative group rings RG where the ring R is
a chain ring; and the commutative group ring ZmG.
The paper is organized as follows. In Section 2, basic facts about idempotent
elements and, for completeness, the proof of [9, Proposition 7.14, pag.405] is
included. In Section 3, the main result of this manuscript, Theorem 3.3, is
presented. As a consequence, the set of idempotent elements of several rings is
determined in Section 4, and examples are included illustrating the main ideas.
2 Basic facts
The starting point for the results presented in this manuscript is the following
appearing in [9, Proposition 7.14, pag.405] on the construction of idempotent
elements of a ring from those of a quotient ring. This result is recalled in the
case of a commutative ring and for completeness, the main steps of the proof
are included. The interested reader can see further details in the mentioned
reference.
Recall that an element e of a ring R is called idempotent if e2 = e, and
two idempotent elements e1 and e2 of a ring R are said to be orthogonal if
e1e2 = e2e1 = 0. An idempotent e ∈ R is primitive if it can not be written as a
sum of two non-trivial orthogonal idempotent elements.
Proposition 2.1. [9, Proposition 7.14] Let R be a ring, N a nil ideal of R and
f¯ = f +N an idempotent element of the quotient ring R/N . Then there exists
an idempotent element e in R such that e¯ = f¯ , where “¯” denotes the canonical
homomorphism from R to R/N . Furthermore, if R is commutative, the element
e is unique.
Proof: Since f¯ is idempotent, f2 − f ∈ N and because N is a nil ideal,
(f2 − f)n = 0 for some integer n > 0. Then, if g = 1 − f , 0 = (fg)n = fngn.
From the relation f + g = 1 it follows that
1 = 12n−1 = (f + g)2n−1 = h+ e,
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where
h =
n−1∑
i=0
(
2n− 1
i
)
f ig2n−1−i, e =
2n−1∑
i=n
(
2n− 1
i
)
f ig2n−1−i.
Since fngn = 0 it follows that eh = he = 0 and since e + h = 1, e2 = e
and h2 = h. From this it is easy to see that f2n−1 ≡ e mod N and that
f ≡ f2 ≡ · · · ≡ f2n−1 mod N from which it is concluded that e ≡ f mod N .
To prove uniqueness, consider the idempotent element of the form e + z
with z nilpotent. The condition (e + z)2 = e + z gives (1 − 2e)z = z2. Then
z3 = (1 − 2e)z2 = (1 − 2e)2z and by induction, (1 − 2e)nz = zn+1. Since
(1− 2e)2 = 1− 4e+ 4e = 1, this implies that z = 0 and hence e+ z = e.
Given an idempotent element f of R/N , if R is commutative, the unique ele-
ment e ∈ R determined as in Proposition 2.1 will be called the lifted idempotent
of f .
Remark 2.2. The following observations are easy consequences of the previous
result.
1. If f¯1 and f¯2 are orthogonal idempotent elements of R/N , then the corre-
sponding lifted idempotent e1 and e2 of R are also orthogonal. This follows
from the fact that e1e2 is an idempotent element in the nil ideal N .
2. If f¯ ∈ R/N is a primitive idempotent, then the corresponding lifted idem-
potent e ∈ R is also primitive. In fact, if e is not primitive, orthogonal
idempotent elements g, h exist in R such that e = g+h. Then e¯ = f¯ = g¯+h¯
with g¯ and h¯ orthogonal idempotents in R/N , so either g¯ = 0 or h¯ = 0,
i.e., g ∈ N or h ∈ N and the claim follows from the fact that N is a nil
ideal.
3. From the previous claims it follows that if {f¯1, ..., f¯r} is a set of primitive
orthogonal idempotent elements in R/N , the corresponding set {e1, ..., er}
of lifted idempotent elements of R has the same properties.
4. For a set X, |X | will denote its cardinality. For a commutative ring R, let
E(R) denote the set of idempotent elements of R. Assuming the conditions
of Proposition 2.1,
|E(R)| = |E(R/N)|.
This follows from the fact that the canonical homomorphism from R onto
R/N restricted to E(R) is a bijection onto E(R/N). The surjectivity fol-
lows from the construction of the idempotent element of R from an idem-
potent element of R/N , and the injectivity follows from the uniqueness of
this construction.
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3 A method to compute lifted idempotents
In this section, under certain general conditions, a simple method to compute
the lifted idempotent e of f¯ given in Proposition 2.1 is presented. More precisely,
if a collection {N1, . . . , Nk} of ideals of a ring R satisfies the CNC-condition (see
Definition 3.2 below), the lifted idempotent e of the idempotent f +N1 ∈ R/N1
can be computed as a power of f in the ring R (see Theorem 3.3 below). In
order to do that the following result will be useful.
Proposition 3.1. Let R be a commutative ring and N a nilpotent ideal of index
t ≥ 2 in R. If f¯ is an idempotent element in the quotient ring R/N and e is
the corresponding lifted idempotent element in R determined as in Proposition
2.1, then:
1. For any prime number p such that p ≥ t and for all n ∈ N , there exists
r ∈ R such that
(e+ n)p = e + pnr.
2. If a natural number s > 1 exists, such that sN = 0, and all the prime
factors of the number s are greater than or equal to the nilpotency index t
of the ideal N , then the lifted idempoted e is
e = f s.
3. In particular, when the nilpotency index of the ideal N is t = 2 and sN = 0
for some s ≥ 2, then e = f s.
Proof:
1. Since nt = 0 and e is an idempotent element in the ring R,
(e + n)p =
p∑
j=0
(
p
j
)
ep−jnj = e+
t−1∑
j=1
(
p
j
)
enj.
Since p is a prime number, p divides
(
p
j
)
for all 1 ≤ j ≤ p− 1. Also, since
t ≤ p,
(e + n)p = e+ pn
(
k1e+ k2en+ · · ·+ kt−1en
t−2
)
where ki =
(
p
i
)
/p. Therefore,
(e+ n)p = e + pnr,
with r = k1e+ k2en+ · · ·+ kt−1en
t−2 ∈ R.
2. Let {p1, p2, . . . , pm} be the set of primes in the prime decomposition of
the integer s. Since f¯ = e¯, f = e + n for some n ∈ N , and since p1 ≥ t,
from item 1 of Observation 2.2, it follows that there exists r1 ∈ R such
that
fp1 = (e+ n)p1 = e+ p1nr1.
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Similarly, since p2 ≥ t and p1nr1 ∈ N , item 1 of Observation 2.2 implies
that there exists r2 ∈ R such that
fp1p2 = (fp1)p2 = (e + p1nr1)
p2 = e+ p2(p1nr1)r2.
Continuing with this process r3, r4, . . . , rm ∈ R exists such that
f s = e+ sn(r1r2 · · · rm).
In other words,
f s = e+ sh,
where h = nr1r2 · · · rs ∈ N . Finally, since h ∈ N , and sN = 0, it follows
that e = f s.
3. Observe that if the nilpotency index of the ideal N is t = 2, it is obvious
that all prime factors of s are greater or equal to t = 2. Therefore the
proof of this claim is an immediate consequence of item 2 of Observation
2.2.
The following definition will play an important role in the rest of the manuscript.
Recall that given an ideal N of the ring R and k > 1, Nk denotes the ideal
generated by all products x1x2 · · ·xk, where each xi ∈ N for i = 1, 2, ..., k.
Definition 3.2. We say that a collection {N1, ..., Nk} of ideals of a commutative
ring R satisfies the CNC-condition if the following properties hold:
1. Chain condition: {0} = Nk ⊂ Nk−1 ⊂ · · · ⊂ N2 ⊂ N1 ⊂ R.
2. Nilpotency condition: for i = 1, 2, 3, . . . , k − 1, there exists an integer
ti ≥ 2 such that N
ti
i ⊂ Ni+1.
3. Characteristic condition: for i = 1, 2, 3, . . . , k − 1, there exists an in-
teger si ≥ 1 such that siNi ⊂ Ni+1. In addition, the prime factors of si
are greater or equal to ti.
The minimum number ti satisfying the nilpotency condition will be called
the nilpotency index of the ideal Ni in the ideal Ni+1. Similarly, the minimum
number si satisfying the characteristic condition will be called the characteristic
of the ideal Ni in the ideal Ni+1.
The nilpotency and characteristic conditions introduced above can be stated
as follows:
a. The nilpotency condition is equivalent to the following: for i = 1, 2, . . . , k−
1, the quotient Ni/Ni+1 is a nilpotent ideal of index ti in the ring R/Ni+1.
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In fact, if condition 2 is assumed to hold, then for all n1, n2, . . . , nti ∈ Ni,
n1n2n3 · · ·nti ∈ N
ti
i ⊂ Ni+1. Thus,
(n1 +Ni+1)(n2 +Ni+1) · · · (nti +Ni+1) = n1n2 · · ·nti +Ni+1 = Ni+1,
which implies that Ni/Ni+1 is a nilpotent ideal of index ti in the ring
R/Ni+1. Conversely, if Ni/Ni+1 is a nilpotent ideal of index ti in the ring
R/Ni+1, then for all n1, n2, . . . , nti ∈ Ni,
(n1 +Ni+1)(n2 +Ni+1) · · · (nti +Ni+1) = Ni+1,
which implies that n1n2 · · ·nti ∈ Ni+1. Thus any product of ti elements in
the ideal Ni are in the ideal Ni+1, hence N
ti
i ⊂ Ni+1. Therefore, condition
2 holds.
b. The characteristic condition is equivalent to the following: for i = 1, 2, . . . ,
k − 1, there exists a natural number si ≥ 1 such that si(Ni/Ni+1) = 0 in
the ring R/Ni+1. In fact, if condition 3 holds, for all n ∈ Ni, sin ∈ Ni+1.
Then
si(n+Ni+1) = sin+Ni+1 = Ni+1,
implying that si(Ni/Ni+1) = 0 in the ring R/Ni+1. Conversely, if we
assume that si(Ni/Ni+1) = 0 in the ring R/Ni+1, then for all n ∈ Ni,
si(n+Ni+1) = Ni+1,
which implies that sin ∈ Ni+1, proving that siNi ⊂ Ni+1. Note that
the characteristic si of the ideal Ni in the ideal Ni+1 satisfies si ≤ ri,
where ri denotes the characteristic of the ring R/Ni+1. In fact, since for
all x ∈ R, rix +Ni+1 = Ni+1, rix ∈ Ni+1. Hence, riR ⊂ Ni+1, and then
riNi ⊂ Ni+1, showing that si ≤ ri.
Now, we are in a position to give the following result.
Theorem 3.3. Let R be a commutative ring, {N1, N2, . . . , Nk} be a collection
of ideals of R satisfying the CNC-condition. If si is the characteristic of the
ideal Ni in the ideal Ni+1 and f + N1 is an idempotent element of the ring
R/N1, then
f s1s2···sk−1 ,
is an idempotent element of the ring R. Furthermore, |E(R)| = |E(R/Nk−1)| =
· · · = |E(R/N1)|.
Proof: If f +N1 is an idempotent element of the ring
R/N1 ∼=
(R/N2)
(N1/N2)
, (1)
then (f + N2) + (N1/N2) is an idempotent element of the ring
(R/N2)
N1/N2
. Since
N1/N2 is a nilpotent ideal of index t1 in the ring R/N2 and s1 satisfies the
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hypothesis of claim 2 of Proposition 3.1, it follows that f s1+N2 is an idempotent
element of the ring R/N2. From the isomorphism
R/N2 ∼=
(R/N3)
(N2/N3)
, (2)
it follows that (f s1+N3)+(N2/N3) is an idempotent element of the ring
(R/N3)
N2/N3
.
Since N2/N3 is a nilpotent ideal of index t2 in the ring R/N3 and s2 satisfies the
hypothesis of claim 2 of Proposition 3.1, f s1s2 + N3 is an idempotent element
of the ring R/N3. Continuing with this process, since
R/Ni ∼=
(R/Ni+1)
(Ni/Ni+1)
, (3)
f s1s2···si + Ni+1 is an idempotent element of the ring R/Ni+1. Finally, in the
last step of the chain of ideals,
f s1s2···sk−1 +Nk = f
s1s2···sk−1 ,
is an idempotent element of the ring R/Nk = R.
From the ring isomorphism given in (3), it follows that
|E(R/Ni)| =
∣∣∣∣E
(
R/Ni+1
Ni/Ni+1
)∣∣∣∣ ,
for all i = 1, 2, 3 . . . , k − 1. Since Ni/Ni+1 is a nilpotent ideal of index ti in
R/Ni+1, and R is a commutative ring by Remark 2.2,∣∣∣∣E
(
R/Ni+1
Ni/Ni+1
)∣∣∣∣ = |E(R/Ni+1)|.
Therefore |E(R/Ni)| = |E(R/Ni+1)|, for all i = 1, 2, 3 . . . , k − 1, and the claim
is proved.
Remark 3.4. Observe that if {N1, N2, . . . , Nk} is a collection of ideals of
the commutative ring R satisfying the CNC-condition, any idempotent element
f + N1 of the ring R/N1 is lifted up to the idempotent element f
s1 + N2 of
the ring R/N2. This new idempotent element is lifted up to the idempotent
element f s1s2 + N3 of the ring R/N3, and so on. At the end of this process,
f s1s2···sk−1 is an idempotent element of the ring R. The following chain of ring
homomorphisms
R
φk−1
−−−→
R
Nk−1
φk−2
−−−→ · · ·
φ3
−→
R
N3
φ2
−→
R
N2
φ1
−→
R
N1
,
appears naturally in the lifting process of the idempotent element f + N1 ∈
R/N1. In addition, each homomorphism φi of this chain induces a bijection
when restricted to the set of idempotent elements E(R/Ni+1), i.e.,
φiE : E(R/Ni+1)→ E(R/Ni), x+Ni+1 → x+Ni
is bijective for i = 1, 2, ..., k − 1.
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Remark 3.5. Assuming the hypothesis of Theorem 3.3, the set of idempotent
elements E(R) of the commutative ring R is given by
E(R) = {f s1s2···sk−1 : f¯ ∈ E(R/N1)}.
Hence, in order to determine the idempotent elements of the ring R, it is neces-
sary to have a collection {N1, N2, . . . , Nk} of ideals of the ring R satisfying the
CNC-condition together with all idempotent elements of the quotient ring R/N1.
4 Consequences and applications
In this section, by means of Theorem 3.3 the set of idempotent elements are
determined in varios cases, including: commutative rings containing a nilpotent
ideal; commutative group rings RG, where R contains a nilpotent ideal; commu-
tative group rings RG where R is a chain ring; the group ring ZmG, where Zm
is the ring of integers modulo m. In each of these cases examples are included
illustrating the results.
4.1 Commutative rings containing a nilpotent ideal
The following result describes the set of idempotent elements of a commutative
ring R containing a nilpotent ideal N in terms of the idempotent elements of
the quotient ring R/N .
Proposition 4.1. Let R be a commutative ring and N a nilpotent ideal of R
of nilpotency index k ≥ 2. Let s > 1 be the characteristic of the quotient ring
R/N . If f +N is an idempotent element of R/N , then
f s
k−1
is an idempotent element of the ring R. Moreover, |E(R)| = |E(R/N)|.
Proof: The proof of this proposition is a consequence of Theorem 3.3. It will
be enough to show that the collection B = {N,N2, ..., Nk} of ideals of the ring
R satisfies the CNC-condition with nilpotency index and characteristic of the
ideal N i in the ideal N i+1 being ti = 2 and si = s for all i = 1, 2, 3, . . . , k − 1.
Indeed,
1. It is clear that the collection B satisfies the chain condition.
2. Since (N i)2 = N2i and i + 1 ≤ 2i for i = 1, 2, 3, . . . , k − 1, it follows that
(N i)2 ⊂ N i+1. Hence, the collection B satisfies the nilpotency condition.
3. Since the ring R/N has characteristic s, there exists n ∈ N such that∑s
i=1 1R = n. Then
sN i = (1R + · · ·+ 1R)N
i = nN i ⊂ N i+1, (4)
and it follows that sN i ⊂ N i+1 for i = 1, 2, 3, . . . , k − 1. In addition, all
prime factors of si = s are greater or equal to the nilpotency index ti = 2,
thus proving that the collection B satisfies the characteristic condition.
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Therefore, Theorem 3.3 implies that f s
k−1
is an idempotent element of the ring
R and |E(R)| = |E(R/N)|.
An immediate consequence of Proposition 4.1 is the following:
Corollary 4.2. Let R be a commutative ring, a ∈ R a nilpotent element of
index k, and s > 1 the characteristic of the quotient ring R/〈a〉. If f + 〈a〉 is
an idempotent element of R/〈a〉 ,then
f s
k−1
is an idempotent element of the ring R. Moreover, |E(R)| = |E(R/〈a〉)|.
Proof: Since N = 〈a〉 is a nilpotent ideal of nilpotency index k in R, the result
follows from Proposition 4.1
The following example illustrates the previous corollary.
Example 4.3. Let
Zpk [i] = {a+ bi : a, b ∈ Zpk , i
2 = −1},
where p > 2 is a prime and k > 1 a natural number. It is easy to see that a = p
is a nilpotent element of index k in the ring Zpk [i]. Since
Zpk [i]
〈p〉
∼= Zp[i],
and the ring Zp[i] has characteristic s = p, Corollary 4.2 implies that
E
(
Zpk [i]
)
=
{
f r : r = pk−1, and f¯ ∈ E (Zp[i])
}
,
and ∣∣E (Zpk [i])∣∣ = |E (Zp[i])| .
The idempotent elements of the ring Zp[i] are determined as follows. Since the
idempotent elements of Zp[i] are of the form z = a+ bi, where a = a
2 − b2 and
b = 2ab, if b = 0 then z = 0 or z = 1. If b 6= 0, 2a = 1 in Zp, hence a = (p+1)/2.
From the relation a = a2 − b2 it can be seen that 4b2 = (2b)2 = −1 in Zp. Now
we assume that p ≡ 1 mod 4. Then −1 is a quadratic residue in Zp, (Theorem
3.1, pag.132, [13]) and it is easy to see (by Wilson’s Theorem) that the solutions
are 2b = ±(p−12 )!. If x = (
p−1
2 )!, the idempotent elements of the ring Zp[i] are:
f¯1 = 0, f¯2 = 1,
f¯3 = (p+ 1)/2 + (x/2)i, f¯4 = (p+ 1)/2− (x/2)i.
(5)
Hence, the set of idempotents elements of the ring Zpk [i] is
E
(
Zpk [i]
)
= {f r1 , f
r
2 , f
r
3 , f
r
4} ,
where r = pk−1. Observe that the ring Zpk [i] is isomorphic to the ring Zpk [x]/〈x
2+
1〉.
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4.2 Commutative group rings
In the following the set of idempotent elements for the group ring RG, where
R is a commutative ring containing a collection of ideals satisfying the CNC-
condition and G a commutative group, is determined.
Proposition 4.4. Let R be a commutative ring and G a commutative group.
Let {N1, N2, . . . , Nk} be a collection of ideals of R satisfying the CNC-condition.
Let si be the characteristic of the ideal Ni in the ideal Ni+1. If f +N1G is an
idempotent element of the group ring (R/N1)G, then
f s1s2···sk−1
is an idempotent element of the group ring RG. Furthermore, |E(RG)| =
|E((R/N1)G)|.
Proof: The proof of this proposition is a consequence of Theorem 3.3. First,
we show that the collection B = {N1G,N2G, . . . , NkG} of ideals of the group
ring RG satisfies the CNC-condition with nilpotency index and characteristic
of the ideal NiG in the ideal N,i+1G, exactly the same nilpotency index and
characteristic of the ideal Ni in the ideal Ni+1. Indeed,
1. It is clear that the collection B satisfies the chain condition.
2. If ti denotes the nilpotency index of the ideal Ni in the ideal Ni+1, then
N tii ⊂ Ni+1. It is not difficult to see that (NiG)
ti = N tii G. Thus,
(NiG)
ti = N tii G ⊂ Ni+1G,
proving that the collection B satisfies the nilpotency condition.
3. Since si is the characteristic of the ideal Ni in the ideal Ni+1, then siNi ⊂
Ni+1. It is clear that si(NiG) = (siNi)G. Hence,
si(NiG) = (siNi)G ⊂ Ni+1G.
Now, since the collection {N1, N2, . . . , Nk} satisfies the CNC-condition,
it is obvious that all prime factors of the characteristic si are greater or
equal to the nilpotency index ti for all i = 1, 2, 3, . . . , k − 1, thus proving
that the collection B satisfies the characteristic condition.
From Theorem 3.3 and the isomorphism
RG
N1G
∼=
(
R
N1
)
G,
it follows that f s1s2···sk−1 is an idempotent element of the group ring RG, and
|E(RG)| = |E((R/N1)G)|.
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Corollary 4.5. Let R be a commutative ring, N a nilpotent ideal of index k in
R, G a commutative group, and s the characteristic of the quotient ring R/N .
If f +NG is an idempotent element in the group ring (R/N)G, then
f s
k−1
is an idempotent element in the group ring RG. Furthermore, |E(RG)| =
|E((R/N)G)|.
Proof: The proof of Proposition 4.1 shows that the collection {N,N2, ..., Nk}
of ideals of the ring R satisfies the CNC-condition with constant characteristic
si = s for i = 1, 2, 3, · · · , k − 1. The result follows from Proposition 4.4.
Example 4.6. Let Fp be the finite field of order p, R = Fp[X1, ..., Xm]/〈X
p
1 , ..., X
p
m〉
and N = 〈x1, ..., xm〉 the ideal generated by xj = Xj + 〈X
p
1 , ..., X
p
m〉. It is not
difficult to see that N has nilpotency index equal to m(p − 1) + 1 and that
R/N ≃ Fp. Then for G a finite abelian group, Corollary 4.5 implies that
E(RG) = {fp
m(p−1)
: f¯ ∈ E(FpG)}.
Remark 4.7. It is easy to see that the collection of ideals
{N,N2, ..., Nm(p−1), Nm(p−1)+1 = (0)},
satisfies condition (CNC). This sequence of ideals is important in the study of
Reed-Muller codes over the finite field Fp, p a prime, since for an integer ν with
0 ≤ ν ≤ m(p− 1),
Nm(p−1)−ν = RMν(m, p),
where RMν(m, p) is the Reed-Muller code of order ν over the alphabet Fp. De-
tails can be found in [1].
Corollary 4.8. Let R be a commutative ring, a be a nilpotent element of index
k in R, G a commutative group and s the characteristic of the quotient ring
R/〈a〉. If f + 〈a〉G is an idempotent element of the group ring (R/〈a〉)G, then
f s
k−1
is an idempotent element of the group ring RG. Furthermore, |E(RG)| =
|E((R/〈a〉)G)|.
Proof: It is enough to observe that N = 〈a〉 is a nilpotent ideal of index k in
R. The result follows from Corollary 4.5.
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4.3 Commutative group ring RG with R a chain ring
Let R be a finite commutative chain ring and G a commutative group. It is
well known that R contains a unique maximal nilpotent ideal N = 〈a〉 for some
a ∈ R. If k denotes the nilpotency index of a, and p the characteristic of the
(residue) field F = R/〈a〉 from Corollary 4.8, it follows that
E(RG) =
{
f r : r = pk−1, and f¯ ∈ E(FG)
}
. (6)
Examples of finite commutative chain rings include the modular ring of integers
R = Zpk , where p is a prime number and k > 1 is an integer. In this example,
the maximal nilpotent ideal is N = 〈p〉, p has nilpotency index equal to k in
Zpk , and F ∼= Zp. Thus,
E(ZpkG) =
{
f r : r = pk−1, and f¯ ∈ E(ZpG)
}
. (7)
When the group G is cyclic of order n, it is known that ZpkG ∼= Zpk [x]/〈x
n−1〉,
then (7) can be written in the following equivalent form:
E(Zpk [x]/〈x
n − 1〉) =
{
f r : r = pk−1, and f¯ ∈ E(Zp[x]/〈x
n − 1〉)
}
.
Another interesting class of chain rings are Galois rings, R = Zpk [x]/〈q(x)〉
where p is a prime number, k > 1 and q(x) is a monic polynomial of degree r
image of which in Zp[x] is irreducible. In this example, the maximal nilpotent
ideal is N = pR, p has nilpotency index equal to k in R, and F = R/N ∼= Fpr
is the finite field of order pr. Thus,
E((Zpk [x]/〈q(x)〉)G) =
{
f r : r = pk−1, and f¯ ∈ E(FprG)
}
. (8)
Combining the theory of Ferraz and Polcino in [7] with the results discussed
above, it will be shown how to compute the idempotent elements in group rings
ZpkG for certain commutative groups G. This is illustrated in the following
examples.
Example 4.9. Let p = 5 and let G = C7 = 〈g〉 = {e, g, g
2, g3, g4, g5, g6} be the
cyclic group of order 7 generated by g. From [7, Lemma 3] and [7, Corollary 4]
it can be seen that the idempotent elements of the group algebra Z5C7 are:
f¯1 = 0, f¯2 = 1,
f¯3 = Ĝ = 3e+ 3g + 3g
2 + 3g3 + 3g4 + 3g5 + 3g6,
f¯4 = 1− Ĝ = 3e+ 2g + 2g
2 + 2g3 + 2g4 + 2g5 + 2g6,
where for a subgroup H of G, the idempotent element Ĥ is defined by
Ĥ =
1
|H |
∑
h∈H
h.
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Therefore, from (6), the idempotent elements of the group ring Z53C7 are:
f5
2
1 = 0, f
52
2 = 1,
f5
2
3 = 18e+ 18g + 18g
2 + 18g3 + 18g4 + 18g5 + 18g6,
f5
2
4 = 108e+ 107g + 107g
2 + 107g3 + 107g4 + 107g5 + 107g6.
Example 4.10. Let p = 2 and G = 〈a, b|a5 = b5 = 1, ab = ba〉 be an abelian
group of order 25. From [7, Lemma 5] and [7, Theorem 4.1], (see also [17,
Section III]), it follows that the primitive orthogonal idempotent elements of the
group ring Z2(C5 × C5) are:
f0 = Ĝ, f1 = 〈̂a〉 − Ĝ,
f2 = 〈̂b〉 − Ĝ, fi = 〈̂abi〉 − Ĝ, i = 1, 2, 3, 4,
where for a subgroup H of G, Ĥ =
1
|H |
∑
h∈H
h.
Therefore, the set of primitive orthogonal idempotent elements of the group
ring Z23(C5 × C5) is
E(Z23 (C5 × C5)) = {f
22
0 , f
22
1 , f
22
2 , f
22
i },
and the other idempotents are obtained as a sum of the primitive orthogonal
idempotent elements.
In general, for any k ∈ N, the set of primitive orthogonal idempotent ele-
ments of the group ring Z2k(C5 × C5) is
E(Z2k(C5 × C5)) = {f
2k−1
0 , f
2k−1
1 , f
2k−1
2 , f
2k−1
i }.
4.4 Commutative group rings Z
m
G with G a commutative
group
The previously discussed results for ZpkG can be extended to the group ring
ZmG, where Zm is the ring of integers modulo m > 1, and G a finite commuta-
tive group.
Theorem 4.11. Let m = pr11 p
r2
2 · · · p
rj
j be the prime factorization of the integer
m ≥ 2. Set mi = m/p
ri
i and let si be a natural number such that simi = 1
mod (prii ) for i = 1, 2, 3, · · · , j. If f¯i is an idempotent element of the group ring
ZpiG for i = 1, 2, 3, · · · , j, by setting αi = p
ri−1
i , the element e given by
e = s1m1f
α1
1 + s2m2f
α2
2 + · · ·+ sjmjf
αj
j , (9)
is an idempotent element of the group ring ZmG. Moreover,
|E(ZmG)| = |E(Zp1G)||E(Zp2G)| · · · |E(ZpjG)|. (10)
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Proof: From the Chinese Remainder Theorem (CRT), Zm ∼= Zpr11 × Zp
r2
2
×
· · · × Z
p
rj
j
and, therefore,
ZmG ∼=φ Zpr11 G× Zp
r2
2
G× · · · × Z
p
rj
j
G. (11)
If f¯i is an idempotent element of ZpiG, for i = 1, 2, 3, · · · , j, from Corollary 4.8,
fαii is an idempotent element of Zprii
G for i = 1, 2, 3, · · · , j. Thus,
(fα11 , f
α2
2 , · · · , f
αj
j ),
is an idempotent element of the product ring given in (11). Consequently,
φ−1
(
(fα11 , f
α2
2 , · · · , f
αj
j )
)
= e is an idempotent element of the group ring ZmG.
Finally, from the CRT, e can be expressed in the form (9). The equality (10)
follows from Corollary 4.8 and (11).
The following result provides an alternative way to compute the idempotents
of ZmG.
Theorem 4.12. Let m = pr11 p
r2
2 · · · p
rj
j be the prime factorization of the integer
m ≥ 2. Set k = max{r1, r2, . . . , rj}, ci = (p1p2 · · · pj)/pi, and let ti be a natural
number such that tici = 1 mod (pi) for i = 1, 2, 3, · · · , j. If f¯i is an idempotent
element of the group ring ZpiG for i = 1, 2, 3, · · · , j, then
e = [t1c1f1 + t2c2f2 + · · ·+ tjcjfj ]
(p1p2···pj)
k−1
(12)
is an idempotent element of the group ring ZmG. Therefore,
|E(ZmG)| = |E(Zp1p2···pjG)|. (13)
Proof: If f¯i is an idempotent element of the group ring ZpiG for i = 1, 2, 3, · · · , j,
from Theorem 4.11 it follows that
g = t1c1f¯1 + t2c2f¯2 + · · ·+ tjcj f¯j , (14)
is an idempotent element of the group ring Zp1p2···pjG. Observe that a =
p1p2 · · · pj has nilpotency index k in the ring Zm and
Zm
aZm
∼= Za
has characteristic a = p1p2 · · · pj. Hence, from Corollary 4.8, it follows that,
e = g(p1p2···pj)
k−1
is an idempotent element of the group ring ZmG, proving (12). Relation (13)
also follows from Corollary 4.8.
It is worth noting that Theorem 4.11 can be extended to the group ring
RG, where G is a finite commutative group and R = Fq[x]/〈m(x)〉, with Fq
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a finite field with q = ps elements, and m(x) ∈ Fq[x]. Indeed, let m(x) =
pr11 (x)p
r2
2 (x) · · · p
rj
j (x) be the factorization of the polynomial m(x) in Fq[x],
mi(x) = m(x)/p
ri
i (x) and si(x) ∈ Fq[x] such that si(x)mi(x) ≡ 1 mod (p
ri
i (x))
for i = 1, 2, . . . , j. If f¯i is an idempotent element in the group ring Fq[x]/〈pi(x)〉)G,
the element e given by
e = s1(x)m1(x)f
α1
1 (x)+s2(x)m2(x)f
α2
2 (x)+· · ·+sj(x)mj(x)f
αj
j (x), αi = p
ri−1,
(15)
is an idempotent element of the group ring (Fq[x]/〈m(x)〉)G. Furthermore,
|E(Fq[x]/〈m(x)〉G)| = |E((Fq[x]/〈p1(x)〉)G)| · · · |E((Fq[x]/〈pj(x)〉)G)|. (16)
The proof of the former result is similar to the one given for Theorem 4.11.
However, in the following lines the main steps of the proof are given. If Ri =
Fq[x]/〈p
ri
i (x)〉, from the Chinese Remainder Theorem (CRT), it follows that
RG ∼=φ1 R1G× · · · ×RjG.
Since ai = pi(x) + 〈p
ri
i (x)〉 is a nilpotent element in the ring Ri of nilpotency
index ri and the field Ri/〈ai〉 ∼= Fq[x]/〈pi(x)〉 has characteristic p for all i =
1, 2 . . . , j, from Corollary 4.8 it follows that, if f¯i is an idempotent element in
(Ri/〈ai〉)G, for each i = 1, 2, 3, . . . , j, then f
αi
i is an idempotent element in RiG
for each i = 1, 2, 3, . . . , j. Thus, (fα11 , f
α2
2 , · · · , f
αj
j ) is an idempotent element
in the ring R1G× · · · ×RjG. Consequently, φ
−1
1 ((f
α1
1 , f
α2
2 , · · · , f
αj
j )) = e is an
idempotent element in the ring RG. Finally, from the CRT, e can be expressed
in the form (15).
Next, Theorems 4.11 and 4.12 will be illustrated with examples. In example
4.13, the idempotent elements of the group ring Z200C3 ∼= Z200[x]/〈x
3 − 1〉
are determined. In example 4.14, the idempotent elements of the group ring
Z936(C5 × C5) are given. Here, Cn denotes the cyclic group of order n.
Example 4.13. Let R = Z200C3, where C3 = 〈g〉 = {g0, g1, g2} is the cyclic
group of order three. First note that the elements
u1 = g0 + g1 + g2, u3 = g0,
u2 = g1 + g2, u4 = 0,
(17)
are the 4 idempotent elements of the group ring Z2C3 (the calculation of these
idempotent elements can be done by hand). In addition,
v1 = 4g0 + 3g1 + 3g2, v3 = g0,
v2 = 2g0 + 2g1 + 2g2, v4 = 0,
(18)
are the 4 idempotent elements of the group ring Z5C3. In order to determine
the idempotent elements of the group ring R, Theorem 4.11 or Theorem 4.12
are applied.
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• In terms of Theorem 4.11: since m = 200 = 2352, p1 = 2, p2 = 5, m1 = 5
2
and m2 = 2
3, so s1 = 1 and s2 = 22. Then,
E(Z200C3) = {25f
4 + 176g5 : f ∈ E(Z2C3), g ∈ E(Z5C3)}. (19)
• In terms of Theorem 4.12: since m = 200 = 2352, p1 = 2, p2 = 5, k = 3,
c1 = 5, and c2 = 2 , so t1 = 1 and t2 = 3. Then,
E(Z200C3) = {(5f + 6g)
100 : f ∈ E(Z2C3), g ∈ E(Z5C3)}. (20)
From relations (17), (18) and by using an algorithm implemented by the authors
in the programing language C, one can see that
h1 = 184g0 + 8g1 + 8g2, h9 = 126g0 + 125g1 + 125g2,
h2 = 192g0 + 192g1 + 192g2, h10 = 17g0 + 192g1 + 192g2,
h3 = 142g0 + 117g1 + 117g2, h11 = 67g0 + 67g1 + 67g2,
h4 = 134g0 + 133g1 + 133g2, h12 = 59g0 + 83g1 + 83g2,
h5 = 51g0 + 75g1 + 75g2, h13 = 9g0 + 8g1 + 8g2,
h6 = 150g1 + 125g1 + 125g2, h14 = 75g0 + 75g1 + 75g2,
h7 = g0, h15 = 25g0,
h8 = 0, h16 = 176g0.
are the 16 idempotent elements of Z200C3.
Example 4.14. Let Z936G where G = C5 × C5 = 〈a, b|a
5 = b5 = 1, ab = ba〉 is
an abelian group of order 25. First, note that from example 4.10,
f0 = Ĝ, f1 = 〈̂a〉 − Ĝ,
f2 = 〈̂b〉 − Ĝ, fi = 〈̂abi〉 − Ĝ, i = 1, 2, 3, 4,
are the primitive orthogonal idempotent elements of the group ring Z2(C5×C5).
Also, from [7, Lemma 5], [7, Theorem 4.1] and [17, Section III] it follows
that the primitive orthogonal idempotent elements of the group ring Z3(C5×C5)
are:
g0 = Ĝ, g1 = 〈̂a〉 − Ĝ,
g2 = 〈̂b〉 − Ĝ, gi = 〈̂abi〉 − Ĝ, i = 1, 2, 3, 4,
and the primitive orthogonal idempotent elements of the group ring Z13(C5×C5)
are:
h0 = Ĝ, h1 = 〈̂a〉 − Ĝ,
h2 = 〈̂b〉 − Ĝ, hi = 〈̂abi〉 − Ĝ, i = 1, 2, 3, 4.
In order to determine the idempotent elements of the group ring Z936G,
Theorem 4.11 can be applied. Since m = 936 = 233213, p1 = 2, p2 = 3,
p3 = 13, m1 = 3
213, m2 = 2
313 and m3 = 2
332, so s1 = 5, s2 = 2and s3 = 2.
Then,
E(Z936G) = {585f
4+208g3+144h : f ∈ E(Z2G), g ∈ E(Z3G) h ∈ E(Z13G)}.
(21)
is a set of primitive orthogonal idempotent elements of the group ring Z936G.
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